We present results of a high resolution 3-dimensional numerical simulation of compressively driven supersonic turbulence. A detailed analysis of the fractal mass dimension, which is extracted from data of the density field, yields values of D f ≈ 2.6 − 2.7. This is significantly higher than what is usually assumed in the literature (D f ≈ 2.35). However, this value is traditionally obtained by applying the perimeter-area method to maps of nearby molecular cloud complexes, which gives D per ≈ 1.35 for cloud perimeters, followed by the assumption D f = D per + 1. Due to projection, noise and opacity effects, Sánchez et al. showed that perimeter-area measures of D per ≈ 1.35 are better consistent with D f ≈ 2.6 − 2.7.
1. INTRODUCTION Emission maps of nearby interstellar cloud complexes using various transitions of different chemical tracers have revealed a self-similar hierarchical structure ranging from giant molecular cloud scales (≈ 100 pc) down to sizes of individual dense clumps (≈ 0.1 pc). The measured velocity dispersions suggest that this structure emerges from the compressive character of supersonic turbulence, which is ubiquitously observed in the interstellar medium (ISM). Compression and folding of structures in a supersonic turbulent medium will naturally result in a fractal density distribution of interstellar gas.
The overall observational evidence is that the perimeters of interstellar gas clouds exhibit a fractal dimension in the range 1.2 D per 1.5 (e.g., Beech 1987; Bazell & Desert 1988; Dickman et al. 1990; Falgarone et al. 1991; Hetem & Lepine 1993; Vogelaar & Wakker 1994; Westpfahl et al. 1999; Kim et al. 2003; Lee 2004 ) with an average value of D per ≈ 1.35 using the perimeter-area method. However, these results are intrinsically obtained from projected images. It was then usually assumed that the real 3-dimensional fractal dimension D f is related to the perimeter dimension through D f = D per + 1 (e.g., Beech 1992) , which lead to the conclusion that the density distribution of interstellar clouds has a frac- Elmegreen & Falgarone 1996) . However, as was pointed out by Sánchez et al. (2005) , there is no obvious direct correlation between D f and D per . The authors tested the assumption D f = D per + 1 by creating model clouds with well defined 3-dimensional D f . Using several different fractal analysis methods, they show that D per ≈ 1.35 is better consistent with 2.6 D f 2.7 if projection effects (Sánchez et al. 2005) , as well as opacity and noise effects (Sánchez et al. 2007 ) are taken into account. This means that the "real" fractal dimension of interstellar clouds tends to be higher than the usually assumed 2.35 and closer to D f ≈ 2.6 − 2.7, which the authors additionally confirm for maps of the Ophiuchus, Perseus, and Orion molecular clouds.
Reconsidering the literature mentioned above, D f ≈ 2.35 was usually explained by results of the theory of incompressible Kolmogorov (1941) and Kolmogorov (1962) turbulence (see, e.g., Hentschel & Procaccia 1984; Sreenivasan & Meneveau 1986; Meneveau & Sreenivasan 1990 ). However, it was already suggested by Mandelbrot (1975) and Mandelbrot (1983) that in Kolmogorov turbulence, iso-surfaces of scalars like temperature or concentration of a contaminant may have fractal dimensions of 3 − 1/3, whereas for Burgers turbulence he derived 3 − 1/2. It is still not clear, to what extend turbulence in the highly compressible ISM might be regarded as turbulence in the sense of Kolmogorov (for a recent modification of the original model with respect to density fluctuations, see, Kritsuk et al. 2007b ). ISM turbulence is neither homogeneous and isotropic nor incompressible, while these properties are key ingredients to the Kolmogorov theory of turbulence.
We have performed detailed numerical simulations of supersonic turbulence, driven by a compressive stochastic forcing scheme. We propose that this way of forcing turbulent motions resembles ISM turbulence better than the usually adopted solenoidal forcing (e.g., Boldyrev et al. 2002; Kritsuk et al. 2007a, hereafter KNPW07) . The utilization of solenoidal forcing implies turbulence far down an assumed turbulent cascade, where at sufficiently small scales, compressive modes have been damped to a negligible value. ISM turbulence, however, is likely to be driven by compressive mechanisms. Most of the possible driving agents (i.e., supernova blast waves, protostellar winds, large scale gravitational instability, galactic spiral density shocks) are expected to predominantly excite turbulence in a compressive manner on large scales (see, e.g., Elmegreen & Scalo 2004; Mac Low & Klessen 2004) .
In this contribution, we concentrate on the analysis of the fractal mass dimension, which is obtained solely from the gas distribution (density distribution). Higher order velocity statistics (kinetic energy spectra and velocity structure functions) from our simulation are discussed in Schmidt et al. (2007, in preparation) .
In section 2, we describe our numerical scheme for simulating ISM turbulence. Section 3 explains the perimeter-area, box-counting and mass-size methods for the determination of the fractal dimension, section 4 presents our results and discussion and in 5, we summarize our conclusions.
NUMERICAL TECHNIQUES
We solve the equations of compressible hydrodynamics on a static grid of 768 3 grid zones using the piecewise parabolic method (PPM) (Colella & Woodward 1984) implemented in the astrophysical hydrodynamical code ENZO (Norman & Bryan 1999; O'Shea et al. 2004) with periodic boundary conditions. Density ρ, velocity v, total energy density ρe and pressure P are related through the equations
An isothermal equation of state,
approximated by γ = 1.01 is used to close the equations of hydrodynamics. This is a crude, but reasonable approximation to a wide range of scales in both length and density of interstellar clouds and allows us to compare our results to other simulations of isothermal supersonic turbulence (e.g., KNPW07). We start from a uniform distribution of gas, initially at rest. In order to excite turbulent motions, we utilize a stochastic forcing term f appearing on the right hand side of equations (2) and (3) that supplies kinetic energy on the largest scales (parabolic Fourier spectrum with k/k 0 = [0.5, 1.5] centred on k 0 = 2π/L, where L is half of the size of the computational domain) and is evolved by an Ornstein-Uhlenbeck process. We emphasize that our forcing is constructed such, that we can regulate the relative strength of compressive modes (∇ × f = 0) with respect to solenoidal modes (∇ · f = 0). Usually, we adjust the ratio of kinetic energies at the injection scale,
to be approximately 0.3. This is motivated by the fact that interstellar turbulence is primarily excited by compressive events, such as large scale gravitational instability or supernova explosions, causing converging compressive flows in the ISM, as outlined in the introduction. Timescales are measured in units of the autocorrelation timescale T of the forcing, which was set equal to the turbulent crossing time on large scales for a Mach 2.5 turbulent medium. This means that after approximately 1 T , the gas reaches an rms Mach number M rms ≈ 2.5, which is maintained by the forcing for all times t > 1 T . Between 1 T t 2 T , the gas reaches a statistically steady state of fully developed compressible turbulence.
ANALYSIS OF THE FRACTAL DIMENSION
3.1. Perimeter-area method Fractal dimension analysis of observed cloud images traditionally employes the perimeter-area method. The perimeter P of a cloud is identified in the 2-dimensional projection of that cloud and is related to its area A by
A very smooth boundary curve therefore has D per = 1, whereas highly convoluted cloud edges will have D per = 2.
Box-counting method
Since we have access to the full 3-dimensional information of the density distribution from our simulation, we directly obtain the "real" fractal dimension by applying two distinct approaches. First, we determine the fractal dimension via box-counting (e.g., Mandelbrot 1983; Peitgen et al. 2004 ). In the first step, the fractal structure is defined by flagging all cells above a certain density threshold. In the second step, the so defined fractal is scanned by applying a box (mask) of size l and counting how often the fractal is covered by that box. This procedure is repeated varying the size of the box. For the box-counting method, the number of counts
(7) defines the fractal dimension D b of the structure. Setting the threshold that defines the fractal is obviously a critical choice. Since we want to obtain the fractal dimension of our simulated turbulent clouds, we naturally take the density field for the analysis. However, because density is defined everywhere, we have to find a reasonable threshold in density that is supposed to define the fractal. The most natural choice is to take the mean density ρ. It is a good measure to bulk properties of the gas, such as its mass, gravitational potential and mean intensity. This choice of density threshold provides good contrast between dense and rarefied gas. We therefore define the fractal structure of our simulated clouds to cover all gas with ρ > ρ for the box-counting analysis. We also tested to take the rms density for defining the fractal, which yielded no significant differences.
3.3. Mass-size method As complementary analysis, we make use of the same approach as KNPW07 and compute the fractal mass-size dimension by taking the mass contained inside concentric boxes with increasing box size l centred on the densest cells of the cloud. The mass is supposed to follow the relation
with fractal mass-size dimension D m . However, this will only hold within a limited range of scales. Following KNPW07, the cell centres over which averaging is performed are chosen somewhat arbitrarily to be defined as all cells with density greater than half of the density maximum (ρ > ρ max /2) for each snapshot considered (see, KNPW07). To check the influence of this averaging procedure, we varied the density threshold for cell averaging. Taking only the densest cell (no averaging at all) produces results, which are significantly affected by the current realization (snapshot) of the density structure. On the other hand, averaging over all cells available (taking all cells with ρ > 0 for averaging) exactly results in D m = 3 as a natural consequence of the method. The choice of averaging over cells with ρ > ρ max /2 must be regarded as a more or less good compromise. We will discuss this choice in more detail in the following section. Figure 1 (left) and (right) shows volume rendering of the gas density and iso-surface plot of mean density ρ, obtained from our simulation at t ≈ 2 T , corresponding to a state of fully developed compressible turbulence. A complex network of shock-bounded clouds has formed on all resolved lengthscales, containing rich substructure. Due to the compressive character of supersonic turbulence supported by our compressive forcing, the density spans more than 5 orders of magnitude, although the rms Mach number M rms ≈ 2.5 is relatively small. Probability density functions of the gas density ρ exhibit a lognormal tail, whereas towards smaller density, there are significant deviations from the log-normal distribution (Schmidt et al. 2007) , which is characteristic for compressive forcing. For rms Mach numbers of M rms ≈ 2.5, compressive forcing increases the range of densities by a factor of approximately 10 over the solenoidally driven case, which we tested in a parameter-study of driven subsonic and supersonic turbulence varying the forcing (Schmidt & Federrath 2007) .
RESULTS AND DISCUSSION
The developed hierarchical structure is analyzed with respect to the fractal dimension of the density field using the box-counting and mass-size methods, introduced in sections 3.2 and 3.3, respectively. Figure 2 shows the results both for the box-counting (left panel) according to equation (7) and mass-size method (right panel) according to equation (8).
For the box-counting method, a least-squares fit on intermediate scales within 0.01 l 0.1 gives values for the fractal dimension consistent with D b ≈ 2.6 for stages of developed compressible turbulence. The power law (solid line) fits the sampled points (crosses) very well. Only at the largest scales, where the forcing peaks (l 0.5) and in the vicinity of our resolution limit (l = 1.0/768), the sampled points deviate slightly from the fit. Values at the resolution limit are significantly affected by the numerics and are located at the dissipation range of PPM, where the bottleneck-effect dominates (e.g., Dobler et al. 2003; Haugen & Brandenburg 2004; Schmidt et al. 2006) . KNPW07 attribute this effect to the numerical viscosity at such length scales. They find D m ≈ 2.0 in this regime and argue that this is to be expected for shock dissipation. D b ≈ 2 is also consistent with our results in the dissipation range (fitting to the two crosses corresponding to the smallest scales sampled). However, although it has been suggested by Boldyrev (2002) , there is no obvious correlation between the fractal mass dimension (which is based on density statistics) and the fractal dimension of the most intense dissipative structures (which is based on velocity statistics) of turbulent flow. We will discuss the velocity statistics from our simulation in conjunction with the fractal dimension of the most intense dissipative structures in Schmidt et al. (2007) . Here, we concentrate on the fractal dimension of the density distribution.
KNPW07 used the mass-size analysis introduced in section 3.3. In order to compare to their results, we also performed the mass-size analysis. The results are shown in the right panel of Figure 2 . As is apparent, equation (8) only holds within a limited range of scales. The curves obtained can be divided into three parts. At small and intermediate scales (0.001 l 0.1), the mass contained in boxes of size l centred on the densest cells grows like M ∝ l 2.6 . For 0.1 l 0.5, the mass hardly grows at all, because l ≈ 0.1 is the typical size of the densest clumps that have formed in our simulation, which are surrounded by rarefied gas (compare Fig. 1 ), which does not lead to significant increase in mass. Within the third part (0.5 l 1.0), however, the mass increases very strongly with size (with a power even greater than 3), which simply reflects the fact that other dense clumps are captured by the "growing box" of the mass-size method at these lengthscales, and now contribute significantly to the mass.
Interestingly, the flattening of the curve, seen in KNPW07 at the dissipation range does not appear for our mass-size analysis. This may suggest that the density field behaves different compared to the velocity field in the dissipation range and cannot necessarily reveal the fractal dimension of the most dissipative structures. Still, the obvious difference between KNPW07 and our mass-size analysis remains to be explained. A feature of the mass-size method is that it gives an estimate for the typical size of dense clumps at intermediate lengthscales (where the flattening occurs), followed by the strong increase in mass, as explained above. However, this strong increase in mass, at the same time manifests an important caveat of the method: The mass-size method can suggest unreasonable fractal dimensions (i.e., for scales l 0.5, the mass exponent is larger than 3). Mandelbrot (1983) already warned that the formula M (l) ∝ l Dm does not by itself guarantee that the mass exponent D m represents a dimension.
This behavior of the mass-size relation, together with the numerical resolution affecting the small scales, suggests that the whole structure can safely be described as a monofractal only for intermediate scales 0.01 l 0.1. For this range of scales, our analysis clearly gives a fractal dimension of D f = 2.62 ± 0.10 from both methods inde- Volume rendering of the logarithm of the mass density ρ for the whole computational domain at t ≈ 2 T , which represents a stage of fully developed compressible turbulence. A complex network of intersecting shock fronts is apparent, which exhibit considerable substructure. The greyscale covers 3 orders of magnitude in density, showing all gas with density greater than the mean density ρ. Right: Corresponding iso-surface plot of ρ. The surface is significantly distorted, yielding a fractal dimension larger than 2, which is analyzed by means of the box-counting method introduced in section 3.2.
pendently, using results from both methods and times t = 2, 3, 4, 5 T . The error estimate takes all single time estimates for both methods into account.
KNPW07 arrive at a value significantly lower (D m ≈ 2.4 ± 0.1) using the mass-size method. They have the same numerical scheme and comparable numerical resolution (1024 3 ), but they probed a higher rms Mach number (M rms ≈ 6). Another significant difference between their simulation and ours is the forcing. KNPW07 apply a forcing, which is mostly solenoidal (χ ≈ 0.6) whereas we use predominantly compressive modes to excite turbulent motions (χ ≈ 0.3). In order to check the influence of the forcing on the fractal dimension of the density distribution, we use data from our parameterstudy (Schmidt & Federrath 2007) . Here, we compare isothermal turbulence driven to reach rms Mach numbers of M rms ≈ 0.5, 2.0, 7.3 for strong compressive forcing (χ ≈ 0.3) and M rms ≈ 0.5, 2.3, 6.2 for solenoidal forcing (χ ≈ 0.8). Figure 3 shows the results, both for compressive forcing (left) and solenoidal forcing (right), again using box-counting (top) and mass-size analysis (bottom).
The box-counting method gives D b ≈ 2.6 for compressive forcing with M rms ≈ 2.0, consistent with our high resolution simulation (compare Fig. 2) . Obviously, the fractal dimension decreases with increasing rms Mach number. This is a consequence of the characteristic of supersonic flows to develop shocks, which tend to push the gas into sheet-like structures. This applies both for compressive and solenoidal forcing. However, comparing compressive to solenoidal forcing for similar rms Mach numbers reveals the influence of the forcing: Compressive forcing yields smaller fractal dimensions, i.e., for M rms ≈ 2, the fractal dimension is D b ≈ 2.64 rather than D b ≈ 2.73 from the box-counting method. For higher rms Mach numbers, the difference becomes stronger, i.e. for M rms ≈ 6 − 7, the box-counting gives D b ≈ 2.47 and D b ≈ 2.67, respectively. This can be understood such that compressive forcing pushes the gas more into sheets by driving converging flows (e.g., Heitsch et al. 2006) . In contrast, solenoidal forcing arranges the gas rather into space-filling folded structures with higher fractal dimension.
Looking at the values of the fractal dimension obtained through the mass-size method, the rms Mach number dependence is recovered (with slightly different absolute numbers, however). For M rms ≈ 0.5, the forcing dependence is also recovered, whereas in going to higher M rms , the mean value of D m given by the fits, suggests that compressive forcing gives slightly higher D m , in contradiction to the discussion of the box-counting results. However, the standard deviations are large in these cases (and still consistent with the estimates from the boxcounting method), which reflects the moderate quality of the mass-size fits. This is a consequence of the fact that for high M rms , the mass-size scaling strongly depends on the scale l considered for the fits and the decreasing range in l, where a single power law can reasonably well approximate the sampled mass-size curve.
Adding up the strong dependence on scale and the fact that the mass-size exponent does not always represent a dimension (Mandelbrot 1983) , the mass-size method appears to be less reliable in comparison to the boxcounting method for an accurate determination of the fractal dimension of the density distribution. This conclusion is also supported by the additional uncertainty introduced through the arbitrary averaging procedure over cells with density ρ > ρ max /2 indicated by the solid Fig. 2. -Fractal dimension analysis corresponding to equations (7) (box-counting, left panel ) and (8) (mass-size method, right panel ) for times t = 0.44, 1.02, 2.03 and 4.93 T (from bottom to top). Curves obtained for different times were shifted vertically by 4 dex for clearness. Thin red lines show fits to these equations, which are in good agreement with a fractal dimension D f ≈ 2.6 of the density fields in the range 0.01 l 0.1 for both methods and developed compressible turbulence (t 1 T ). Right panel: The dotted lines were obtained by applying the mass-size analysis to the densest cell only, whereas the solid lines represent averaging over cells with ρ > ρmax/2 as discussed in section 3.3. The averaging procedure smoothes the curves, which influences the slopes obtained from the plots. Averaging over all cells would eventually result in an exact strait line with Dm = 3. The characteristic of the mass-size curves reflects the analyzed structure, as discussed in the text. The fact that for l 0.5, the mass M (l) grows stronger than l 3 , shows that the exponent of the mass-size method cannot be regarded as a fractal dimension for this range of scales. Such peculiar behavior is impossible for the box-counting method (left panel).
lines, compared to the dotted lines in Figure 2 . The dotted lines are obtained by considering the mass-size analysis only for the densest cell ρ max , without any averaging. For example, one could average over all cells with ρ > ρ max /10 instead, which will again lead to a different D m derived from the log-log-plots of M (l). Testing this hypothesis will be difficult, because the mass-size method becomes increasingly computationally expensive, if averaging is performed over a large number of cells. However, as expected from the method itself, if averaging was performed over all cells available in the domain, irrespective of the density, the result would be exactly D m = 3. Although KNPW07 clearly point out that the cells over which the averaging has to be performed, must belong to the fractal, they choose to average over all cells with ρ > ρ max /2, which appears to be a somewhat arbitrary choice to define the fractal and a more or less good compromise to obtain a mass-size sampling, for which a power law can be fit.
On the other hand, the box-counting analysis relies on the density threshold, which is supposed to define the fractal. We define the fractal structure as all the material above the mean density ρ of the cloud. However, the mean density is a basic property of the medium, determining its mass, mean gravitational potential and average intensity expected for radiation, and it provides a reasonable value for getting good contrast between dense and rarefied gas. The maximum density ρ max , on the other hand, is subject to strong fluctuations naturally arising in a supersonic turbulent medium (e.g., compare, KNPW07 Fig. 2) , which makes it difficult to define the fractal based on that quantity.
CONCLUSIONS
We have analyzed the fractal dimension of the density distribution from a high resolution (768 3 grid zones) simulation of compressively driven supersonic turbulence using the box-counting and mass-size techniques.
Our results for the fractal dimension D f = 2.62 ± 0.10 of a simulated compressively driven turbulent medium with rms Mach number M rms ≈ 2.5 are in agreement with the estimates of the fractal dimension by Sánchez et al. (2007) for different chemical tracers, mapped for the Ophiuchus, Perseus and Orion molecular clouds and with the discussion of Sánchez et al. (2005) , concerning previous results obtained through the perimeter-area method. These results suggest a fractal dimension of interstellar clouds higher than what has been typically assumed in the literature.
We critically discussed the mass-size analysis as suggested by KNPW07. Firstly, this method relies on the maximum gas density, which is subject to strong fluctuations. Secondly, the values for the fractal dimension obtained with this method are of moderate quality, because the power law fits strongly depend on the scales considered. Finally, the mass-size exponent does not always represent a fractal dimension (Mandelbrot 1983) . However, the mass-size method reveals an estimate for the typical size of dense clumps. As complementary approach, we used the box-counting method. This way of determining the fractal dimension of the density distribution relies on a density threshold to define the fractal structure, which we have chosen to set to the mean density, although we mention that our estimates for the fractal dimension are not sensitive to this particular choice (i.e., taking the rms density instead, does not significantly alter our estimates). The mean density of the gas is a robust measure that is solely determined by the mass available inside the large scale volume considered for the fractal analysis.
We compared our results for the fractal dimension of the density distribution to the analysis of KNPW07 who performed similar simulations, but with higher rms Mach number and forcing that mostly consists of solenoidal modes. We therefore turned our attention to a comparison between compressive and solenoidal forcing at representative rms Mach numbers, taken from data of our parameter-study (Schmidt & Federrath 2007) . Compressive forcing decreases the fractal dimension slightly, representing a lower limit of D f ≈ 2.4, taking an extreme case of high rms Mach number of the order of 10. This is to be expected, since a higher degree of compressibility structures the gas to a greater extend into 2-dimensional sheets. The dependence of the fractal dimension on the rms Mach number of the gas seems to be of comparable importance to the level of compressibility in the turbulence forcing, and is in accord with the above conclusion, since increasing the rms Mach number also results in a higher degree of compressibility.
Finally, we emphasize that regardless of which of the possible physical processes for driving turbulence in the ISM (e.g., Mac Low & Klessen 2004; Elmegreen & Scalo 2004 ) is the dominant one, it is likely to be predominantly compressive in nature (Elmegreen, B. G. 2007 , private communication at summer school "The Milky Way Galaxy", Heidelberg). We therefore conclude that in modelling ISM turbulence, compressive forcing represents a more realistic way to excite turbulent motions. Our results are furthermore in agreement with the turbulent fragmentation picture of (taking the purely hydrodynamic derivation), which implies that self-gravity will become important for small scales only, where the mass exceeds the local Jeans mass. We are able to reproduce the basic features of interstellar gas through compressively driven supersonic turbulence, without the inclusion of self-gravity. However, the model is build on the assumption of magnetic fields, strong enough to produce magnetohydrodynamic shocks. The relevance of magnetic fields in the ISM is still a matter of debate, but its presence cannot be denied. Therefore, we will also have to account for magnetic fields in future simulations of magnetohydrodynamic turbulence.
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